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A Tale of Two Channels

(c1, . . . ,cm) ∈ C

⋮

dec(r1, . . . ,rm)

QSC

r1c1

�
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Standard solutions:
● Turbo
● LDPC
● Polar
● . . .

Design short codes with decoding guarantees
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From Probability to Metric

Deza, Deza, Encyclopedia of Distances.

B., Ravagnani, Weger, Weighted-Hamming Metric for Parallel Channels

Fix λ = (λ1, . . . , λm) ∈ Nm.

wλ(c1, . . . ,cm) =
m

∑
ℓ=1

λℓ ⋅wH(cℓ)

Weighted-Hamming Weight

There exists λ ∈ Nm s.t.

dλ(c,r) ≤ dλ(c
′,r) ⇐⇒ Pr[c ∣r] ≥ Pr[c′ ∣r]

Matching Parallel QSCs ♡

So . . . just maximize the weighted-Hamming distance of C?
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Error Correction Done Right

λ = (1,2), C = {(0, 0, 0 ∣ 0, 0, 0), (0, 0, 0 ∣ 1, 1, 1)}

: dλ(C) = 6 tλ(C) = 3

Silva, Kschischang, On Metrics for Error Correction in Network Coding.

tλ(C) = min
c∈C∖{0}

tλ(c)

tλ(c) =min
r

max{wλ(r),wλ(c − r)} − 1

Error-Correction Capability

Let λ1 ≤ . . . ≤ λm.

⌊
dλ(C) − 1

2
⌋ ≤ tλ(C) ≤ ⌊

dλ(C) + λm

2
⌋ − 1

Bound on tλ via dλ

Back to tλ(C):

: Sp. Covering, Singleton, Sp. Packing, LP bounds

: Concatenated construction

Previous work:

: Minimum distance
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Singleton-Like Bound

λ1 ≤ . . . ≤ λm c =

v =

∈ C

= ⟨(A ∣ T )⟩

T lower triangular

λ1 λ2 λ3

00 0 . . . 0

k − 1 zeros

1 . . . 1 1 . . . 1 00 0 . . . 0

dλ(C) ≤ wλ(c) ≤ wλ(v) ∶= dSB

Bound on dλ

: Direct bound tighter

Naive: tλ(C) ≤ tλ(cSB) ≤ ⌊
dSB + λm

2
⌋ − 1

Direct: tλ(C) ≤ ⌊
dSB + λj

2
⌋ − 1, j ≤m

Bound on tλ
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Bounds & Codes

m = 2, n = (7,7), λ = (1,2)

, q = 2
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Previous Construction
Concatenated code
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Concatenated Code

multiple levels

outer code
A ∈ Fm

qk

outer code
A ∈ Fqk1 × Fqk2

C

B B

B1 B2

inner code

inner codes

λ1 λ2

Sidorenko et al., Polyalphabetic Block Codes

∈ V

λ1 λ2
. . . λm

0 0 1 1 1 0 0 . . . 1 1 0 0

dH(Bm)dH(B2)

dH(A)

dλ(C) ≥ d
′
λ(C) ∶= min

v∈V
wλ(v)

tλ(C) ≥ t′λ(C) ∶= min
v∈V

tλ(v)

Code Bounds
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Concatenated Decoder

multiple levels

â1
â2

α1 α2

outer code
A ∈ Fqk1 × Fqk2

GMD decoder

C

B1 B2 inner codes

Hamming decoder

λ1 λ2

� �

αℓ = λℓ ⋅max{0, dH(Bℓ) − 2wH(êℓ)}

Taipale, Pursley, An Improvement to
Generalized-Minimum-Distance Decoding.

wλ(e) ≤ t′λ(C):

e is in the list

Decoder
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â1
â2
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â2

α1 α2

outer code
A ∈ Fqk1 × Fqk2

GMD decoder

C

B1 B2 inner codes
Hamming decoder

λ1 λ2

� �

αℓ = λℓ ⋅max{0, dH(Bℓ) − 2wH(êℓ)}
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Conclusion

Weighted-Hamming metric:

, Error-correction capability tλ(C) beyond ⌊dλ(C)−1
2
⌋

, New bounds on tλ(C)

, Concatenated code & decoder

Future work:
? Refine characterization of tλ(c)
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