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Goal of this Work
Design short codes with decoding guarantees
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From Probability to Metric

[§ Deza, Deza, Encyclopedia of Distances.

Weighted-Hamming Weight
Fix A=(A1,...,Am) e N,

wk(cl, .. .,Cm) = Z )\Z "LUH(CE)
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From Probability to Metric Tm

[§ Deza, Deza, Encyclopedia of Distances.

@ B., Ravagnani, Weger, Weighted-Hamming Metric for Parallel Channels

Weighted-Hamming Weight Matching Parallel QSCs ©
Fix A=(A1,...,Am) e N, There exists A e N s.t.
wa(cr,...,em) = Y. A wu(er) da(e,r) <dx(c',r) = Prlc|r]>Pr[c/|r]
=1
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From Probability to Metric Tm

[§ Deza, Deza, Encyclopedia of Distances.

@ B., Ravagnani, Weger, Weighted-Hamming Metric for Parallel Channels

Weighted-Hamming Weight Matching Parallel QSCs ©
Fix A=(A1,...,Am) e N, There exists A e N s.t.
wa(cr,...,em) = Y. A wu(er) da(e,r) <dx(c',r) = Prlc|r]>Pr[c/|r]
=1

So . ..just maximize the weighted-Hamming distance of C?
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Error Correction Done Right

A=(1,2), €={(0,0,0[0,0,0), (0,0,0]1,1,1)}
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Error Correction Done Right

A=(1,2), C€={(0,0,0]0,0,0), (0,0,0]1,1,1)} = dxr(C)=6
[ Silva, Kschischang, On Metrics for Error Correction in Network Coding.

Error-Correction Capability

RCRRTRC

tale) = mrinmax{wA(r),w,\(c— r)}-1

Sebastian Bitzer



Error Correction Done Right Tm

A=(1,2), €={(0,0,0]/0,0,0), (0,0,0]1,1,1)} = da(C)=6 tx(C)=3
[ Silva, Kschischang, On Metrics for Error Correction in Network Coding.

Error-Correction Capability

RCRRTRC

tale) = mrinmax{wA(r),w,\(c— r)}-1
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Error Correction Done Right Tm

A=(L2), €={(0,0,0[0,0,0), (0,0,0[1,1, 1)} = da(C)=6 tx(C)=3

[ Silva, Kschischang, On Metrics for Error Correction in Network Coding.

Error-Correction Capability Bound on ¢y via dy

t)\(C): min tA(C) Let Ay <... < A\
ceC\{0}

tx(e) = minmax{wx (r), wa(c-r)} -1 {d’\((’;)_lJ <tx(C) < {d,\((:);)\mJ -1
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Error Correction Done Right Tm

A=(L2), €={(0,0,0[0,0,0), (0,0,0[1,1, 1)} = da(C)=6 tx(C)=3

[ Silva, Kschischang, On Metrics for Error Correction in Network Coding.

Error-Correction Capability Bound on ¢y via dy

t)\(C): min tA(C) Let Ay <... < A\
ceC\{0}

ta(c) = minmax{wx(r),wr(c-r)} -1 {d)‘(CQ)_lJ <tx(C) < {d)\(c);“)\mJ 1

Previous work:
=> Minimum distance
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Error Correction Done Right Tm

A=(L2), €={(0,0,0[0,0,0), (0,0,0[1,1, 1)} = da(C)=6 tx(C)=3

[ Silva, Kschischang, On Metrics for Error Correction in Network Coding.

Error-Correction Capability Bound on ¢y via dy

t)\(C): min tA(C) Let Ay <... < A\

ceC\{0}
da(C)-1 da(C) + A\
ta(c) = minmax{wx(r),wr(c-r)} -1 {A(Q)J <ta(C) < {)‘()2+J -1
Back to t»(C): Previous work:
=> Sp. Covering, Singleton, Sp. Packing, LP bounds => Minimum distance

=> Concatenated construction
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Singleton-Like Bound
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Singleton-Like Bound Tm

)\1 )\2 A3
M<oohn e o= ) ec=(A|T)

T lower triangular
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Singleton-Like Bound Tm

A1 A2 A3
A< S Am c = ( 00[0 ... 0) eC=(A]D)
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L — 1 zeros T lower triangular
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Singleton-Like Bound Tm

A\ Ao A3
A< ¢ = | 00fo ... 0) eC=(A]D)
S — .
I — 1 z6r0s T lower triangular
v = (1 ... 1]t ... 1000 ... 0
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Singleton-Like Bound Tm

)\1 )\2 )\3
A< ¢ = | 00fo ... 0) eC=(A]D)
S — .
I — 1 z6r0s T lower triangular
v = (1 ... 1]t ... 1000 ... 0

Bound on dy

dx(C) cwxa(e) wa(v) =dsp
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Singleton-Like Bound

Tm

M<. < c = [

Bound on dy

)‘1 )\2 )\3
| 0[0 . 0) ec=(@A[T)
—— .
L — 1 zeros T lower triangular
1)1 1000 ... 0)
Bound on tx
d Am
Naive: t)\(C) < tA(CSB) < \‘%J -1

dx(C) cwxa(e) wa(v) =dsp
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Singleton-Like Bound

Tm

M <. <,

Bound on dy

dx(C) cwxa(e) wa(v) =dsp

A1 A2 A3
| 00[0 ... 0) eC={(ATT)
—— .
L — 1 zeros T lower triangular
11 1000 ... 0)
Bound on tx
dss + A
Naive: t)\(C) < tA(CSB) < \‘%J -1
d Aj
Direct: t(C) < l%”J ~1, j<m
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Singleton-Like Bound

Tm

M<. < c = [

Bound on dy

dx(C) cwxa(e) wa(v) =dsp

A1 A2 A3
| W0 D) < (A1)
—— .
L — 1 zeros T lower triangular
11 1000 ... 0)
Bound on tx
d Am

Naive: t)\(C) < tA(CSB) < \‘%J -1

d Aj
Direct: t(C) < l%”J ~1, j<m

- Direct bound tighter
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Bounds & Codes

m=2,n=(7,7),x=(1,2)
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Bounds & Codes

m=2,n=(7,7),x=(1,2),q=2
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Bounds & Codes

m=2,n=(7,7),x=(1,2),q=2

=

- - - direct
—— Singleton
—— Sphere Packing
—— Linear Programming
—— Sphere Covering
® Previous Construction
A Concatenated code

code dimension k
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Concatenated Code

outer code
A 6 'HQ‘/II
- (/l,

inner code
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Concatenated Code

outer code
Ae F ok % F ks

inner codes
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Concatenated Code Tm

@ Sidorenko et al., Polyalphabetic Block Codes

outer code
Ace ]F{]A:l X IF{]A‘Q

inner codes

multiple levels
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Concatenated Code Tm
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Concatenated Code Tm

ﬁ Sidorenko et al., Polyalphabetic Block Codes

A Ao A
(oofr1100[---[1100)eV
~—— ~—~—
du(B2) dH(Bm)
™~ /
du(A)

multiple levels
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Concatenated Code Tm

ﬁ Sidorenko et al., Polyalphabetic Block Codes

outer code
AeF i, xF i,
€ Eghr X Ky A\ Ao Am
(oofr1100[---[1100)eV
— ~
inner codes du(B2) dy (Bin)
N /S
du(A)
Code Bounds

L [T (O 2 () = migr (0

ta(C) 2 5(C) = Ilflsi]gltA(U)

multiple levels
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Concatenated Decoder

multiple levels
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Concatenated Decoder

outer code
Ace ]F{]A:l X ]quz

inner codes
Hamming decoder

multiple levels
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Concatenated Decoder

outer code
Ace ]F{]A:l X ]quz

GMD decoder

inner codes
Hamming decoder

111 [(PLII7)c

A1 A2

multiple levels
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Concatenated Decoder Tm

outer code oy = Ag - max{0, dy(By) — 2wy (ér)}

A€Fu, xF o,

GMD decoder

inner codes
Hamming decoder

111 [(PLII7)c

A1 A2

multiple levels
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Concatenated Decoder Tm

outer code oy = Ag - max{0, dy(By) — 2wy (ér)}

A€Fu, xF o,

GMD decoder

ﬁ Taipale, Pursley, An Improvement to
Generalized-Minimum-Distance Decoding.

inner codes

Hamming decoder Decoder

wx(e) < t5(C):
e is in the list

111 [(PLII7)c

A1 A2

multiple levels
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Concatenated Decoder Tm

outer code oy = Ag - max{0, dy(By) — 2wy (ér)}

A€Fu, xF o,

GMD decoder

ﬁ Taipale, Pursley, An Improvement to
Generalized-Minimum-Distance Decoding.

inner codes

Hamming decoder Decoder

wx(e) < t5(C):
e is uniquely decoded

111 [(PLII7)c

A1 A2

multiple levels
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Conclusion

Weighted-Hamming metric:
® Error-correction capability ¢ (C) beyond [%J
® New bounds on tx(C)
® Concatenated code & decoder
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Conclusion

Weighted-Hamming metric:
® Error-correction capability ¢ (C) beyond [%J
® New bounds on tx(C)
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Future work:
(@ Refine characterization of tx (c)

Sebastian Bitzer

Tm

n=(7,7),A=(1,2),q=2

14 T T T T 3
’\
12 5 h
) ay
S 10 ‘\“ \\ |
@ RS
g 8 [ \A a0 ~ l
E v A,
g 6 oM . N
ko) 41 ‘\ l\s -~ i
8 N o ~ . N ~ .
2 [ \- - ~ N ~ o
e _s‘s ~
0 1 | L | |
0 2 4 6 8 10
error-correction capability ¢
—— Singleton —— Sp. Packing —— LP

—— Sp. Covering A Concatenation




Conclusion TI.ITI

n=(7,7),A=(1,2),q=2

14 T T T T 3
Weighted-Hamming metric: 19 3\\ |
® Error-correction capability ¢ (C) beyond [%J = 10 :Q‘\ |
o Wt
® New bounds on tx(C) 2 gl N . 4
(0] Viia 'y
® Concatenated code & decoder g 6l % A\\‘\ |
% 4 [~ \\ A““\s “s —
© \\ \~\ ~~\
Future work: 20 oA Y
. . R R nhniirolioniis)
0
(@ Refine characterization of tx (c) 0 5 4 6 85 10
error-correction capability ¢
Thank yOU l QUGStIOﬂS') —— Singleton —— Sp. Packing —— LP

—— Sp. Covering A Concatenation

Sebastian Bitzer 9



